The k · p envelope function method is a popular tool for the study of electronic properties of III-V nanostructures. The equations are usually transferred to real-space and solved using standard numerical techniques. The powerful and flexible finite element method was seldom employed due to problems with spurious solutions. The method would be favorable for the calculation of electronic properties of large strained nanostructures as it allows a flexible representation of complex geometries. In this paper, we show our consistent implementation of the k · p envelope equations for nanostructures of any dimensionality. By including BurtForeman operator ordering and ensuring the ellipticity of the equations, we are able to calculate reliable and spurious solution free subband structures for the standard k·p 4×4, 6×6 and 8×8 models for zinc-blende and wurtzite crystals. We further show how to consistently include strain effects up to second order by means of the Pikus-Bir transformation. Finally, we analyze the performance of our implementation using benchmark examples.
Introduction
With the advent of quantum-sized optoelectronic devices such as quantum dot, wire and well light emitting diodes R.G. Veprek ( ) · S. Steiger · B. Witzigmann Integrated Systems Laboratory, Department of Information Technology and Electrical Engineering, ETH Zurich, Gloriastrasse 35, 8092 Zurich, and lasers, computer simulation demands accurate, fast and reliable prediction of the electronic band structure of III-V and nitride semiconductors. Atomistic methods, such as the empirical tight-binding, pseudopotential or density functional method using a repeated super-cell formulation, allow to describe the electronic properties to a high precision. Unfortunately the extreme demand in computational resources restricts their application in device-design to small and simple systems. In contrast, the k·p envelope function method can be formulated as a partial differential equation system and therefore allows to determine the band structure efficiently using standard numerical techniques. Various simplifications during the perturbative treatment of remote bands obfuscate physical details, such as intervalley-and interface mixing [1, 2] . This leads to an ongoing dispute about the precision and validity of the obtained results [3] [4] [5] [6] where the raised arguments apply to the commonly used k·p standard model. It was shown recently [1, 2] that an exact derivation of the envelope equations from first principles does allow for a consistent incorporation of interface mixing effects and an exact description of the band structure.
Nevertheless, due to its usually sufficient accuracy and simplicity, the standard k·p model is widely used in academia and industry for the determination of band structures in quantum wells and less frequently for wires and dots.
A major obstacle in the application and reliability of the k·p method is the appearance of spurious solutions that are highly oscillatory, produce energy bands bending into the wrong direction and sometimes lead to unphysical solutions extending into the forbidden bandgap. The finite element (FE) method suffers especially severely from these solutions which might explain its rare application. As demonstrated in [7] , the spurious solutions go hand in hand with the lack of ellipticity of the envelope equations. The ellipticity can be recovered using Burt-Foreman (BF) operator ordering [8] [9] [10] and a careful choice of input parameters (compare with eqn. (30) in [7] ). The elliptic formulation of the envelope equations allows us to reliably apply the FE method without occurrence of spurious solutions. The FE method has advantages over other methods such as the finite difference (FD) method as it allows modelling of complex geometries defined on non-tensorial grids without staircase surfaces. The major difference however is that the FE method describes an approximation to the solution while the FD method is an approximation of the equations. The FD method needs a careful mixture of forward-and backward differences to guarantee the hermiticity and numerical stability of the equation system [11] . The aim of this paper is to present a consistent FE formulation of the envelope equations for nanostructures of any dimension that we have implemented in a C++ computer program named tdkp. Using BF operator ordering, elliptic envelope equations, parallel programming, sparse matrixand iterative solver techniques, our solver is able to deliver fast, accurate and reliable band structure results. We implemented 4 × 4, 6 × 6 and 8 × 8 models for zinc-blende and 6 × 6 and 8 × 8 models for wurtzite crystals. Strain effects are treated using continuum equations and their effects on the band structure are consistently included up to second order.
Envelope equations
The envelope equations of the standard k·p model consist of a coupled set of partial differential equations up to second order, defined by the eigenequation of the k · p differential operator
Indices over i and j denote the quantized directions and the equation is parametrized in terms of the transverse wavenumber k t . The details of the k · p model such as the BF operator ordering, the considered number of bands, the basis choice and the crystal type determines the form of the parametric k·p matrices H (.) . (.) . Other second order operators such as
do not appear in the standard k · p model but exist in the first-principles model of [1] . According to the dimensionality of the considered system, bulk second-order terms depending on the translationally invariant direction are effectively added to first and zero order terms of the differential operator:
The usual approach of constructing the envelope equations from bulk k·p Hamiltonians is to replace the wavenumbers k q of the symmetry broken directions with the corresponding operators −i∇ q . This particular approach cannot be applied, as in the bulk Hamiltonian the ordering of a second order term H . k i k j is lost. Therefore, the distribution into
is unknown. A naive symmetric distribution between these terms leads to a non-elliptic equation system which results in spurious solutions [7] . In contrast, the BF operator ordering results in an asymmetric distribution between H + and H − preserving ellipticity [8] [9] [10] .
The effect of symmetry breaking in arbitrary crystal planes can be calculated by an appropriate rotation of the real space system into principal directions.
Zinc-blende models
To describe III-V semiconductors with zinc-blende crystal structure, we consider four different models. The simplest model is the one-band effective mass that also easily fits into the given equation frame but will not be discussed any further. The k · p 4 × 4 model describes the Γ 8 valence band (light-and heavy hole), the 6×6 model adds the Γ 7 split-off band, and the 8×8 model further includes the Γ 6 conduction band. Usual k · p implementations [12] [13] [14] [15] [16] [17] [18] [19] are based on model Hamiltonians expressed in terms of the diagonal Bloch basis at the Γ point. We found it more convenient to use the Pidgeon-Brown or Enders Hamiltonian [20, 21] given in the zone-center basis
for which the spin orbit terms are non-diagonal at k = 0. The reason for our choice is that the BF operator ordering keeps a simple and clear form (see eqn. (11) in [10] ) in that particular basis. All diagonal terms are treated in the standard way Mk 2 x → k x Mk x while the offdiagonal terms Nk i k j in the valence band are split asymmetrically
